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Abstract 

We consider polygonal billiards on surfaces of constant curvature. We 
show that the usual phase space of the billiard flow can be extended to 
a compact three dimensional manifold without boundary that is a circle 
bundle. We extend the dynamics C°° to the manifold defined. We relate 
the expansiveness of the billiard fiow with the existence of periodic orbits 
and with the injectivity of the itinerary map for billiard tables in the 
hyperbolic disc, the Euclidean plane and the sphere. 

1 Introduction 

In the study of polygonal billiards of the Euclidean plane with rational angles 
(i.e. rational polygons) there is a standard construction given in By a 

finite unfolding of the rational polygon a compact surface without boundary is 
defined. Then, if we fix a direction, a complete flow is defined with one singular 
point associated to each vertex of the polygon. The singularities are of saddle 
type but may not be hyperbolic. This construction gives a natural way to see 
the billiard flow of a rational billiard in the setting of complete flows on compact 
surfaces. 

Here we consider this problem for general polygonal billiards in the Euclidean 
plane, the hyperbolic disc and the sphere. First we analyze a neighborhood of 
the vertices in polar coordinates to show how to compactify the usual three 
dimensional phase space of the billiard flow. For each singular point we add a 
circle with two hyperbolic singularities. The dynamics on each of this circles 
is a South- North flow. The billiard flow obtained is complete and C°° . By 
construction the phase space is a compact three dimensional manifold without 
boundary and we show that it is a circle bundle. 

We study the expansive properties of the billiard flow. Since there are sin- 
gular points it is natural to consider the definition of expansiveness given in [S] 
(fc*-expansivencss). For expansive flows on three dimensional manifolds with- 
out singular points it is known, see [5] , that the fundamental group of the phase 
space has exponential growth. Here we show that the billiard flow associated 
to a polygon in the hyperbolic disc is expansive but if the polygon is simply 
connected or homeomorphic to an annulus the phase space manifold has not 
exponential growth. It is not a contradiction because there are singular points 
in our case. 
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In the subject of flat polygonal billiards an important open problem is to 
prove the existence or not of periodic orbits. In [3] it is shown that excluding 
the periodic orbits the collision map is expansive. Here we extend their ideas 
and show that a flat polygonal billiard has periodic orbits if and only if the 
billiard flow is expansive. 

In the case of positive curvature, we show that if there are periodic orbits 
then the billiard flow can not be expansive. Wc also give an example of a polygon 
on the sphere without periodic orbits, but its billiard flow is not expansive. 

2 Phase space 

In that section we are going to construct the phase space. The billiard flow will 
be defined in the next section. Given a polygon D we will consider the double 
billiard surface S and compactifying its unit tangent bundle we will obtain our 
manifold M. Finally we study some topological properties of M. 

We start giving basic definitions. Let S" be a C°° Riemannian manifold of 
dimension 2. We say that D d S' is a, polygon if D is compact, connected, 
dD = dmt{D) and its boundary is a finite union of geodesic arcs. Assume 
that dD = U"^j7i with being geodesic arcs and n -fj C (^7^) fl (djj). We 
denote by d-fi the end points of the arc. We say that the end points of % are 
the vertices of the polygon. Denote by V the set of vertices of D. 

Consider £>' an isometric disjoint copy of D and ip: D D' an isometry. 

Let 



where ~ is the equivalence relation on D IJ D' generated by x ~ ^fiix) for all 
X € dD. Denote by [x] the class oi x ^ D U D' . With the quotient topology, S 
is a compact surface without boundary. 

Definition 1. We say that S is the double billiard surface of the billiard D. 

Example 1. If D is homeomorphic to a disc, then S is homeomorphic to a 
sphere. If D is homeomorphic to an annulus then S is topologically a torus. 

Let V ~ {[x] : X V'} denote the vertices or singularities of S. Consider 
4>i: D S and 02 : -D' — > S given by 4>i{x) = [x] and 4'2{x) = [x\. This 
maps are diffeomorphisms and they induce Riemannian metrics on their images. 
Since the boundary of D and D' are geodesies, we have that S \ V admits a 
Riemannian metric that coincides with the induced by </>! and 02- The points 
of V are singular points of the metric. Let T^{S \ V) denote the unit tangent 
bundle of 5 \ We have that T^{S \ is a noncompact three dimensional 
manifold. The task now is to give a compactification. 

Denote by dist the distance in T^S induced by the Riemannian metric in 
S \ V . Now fix p G and consider e > small enough such that the e- 
neighborhood of p G S* is a disc. Define 

Up = {(x,v) e THS\V) : < dist(a;,p) < e}. (1) 

Now we will introduce polar coordinates. Consider the map r: Up ^ (0, e) given 
by r{x,v) = dist(a;,p). Suppose that 71 = [7^] and 72 = [72] with 7^ and 72 
being the geodesic arcs in the polygon D meeting at p. Given (a;, v) G Up denote 
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by 7 the angle between the geodesic segment from p to a; and 71. If is the 
angle between 71 and 72, then 7 is a map from Up to M./29Z. Let /? be the angle 
between the vector v € T^S and the segment from p to x. The map /3 goes from 
Up to ]R/27rZ. See figure [H 




Figure 1: The coordinates (r, 7,/?) near a singular point p. 



Therefore, the map (pp-. Up Vp ^ {{x,y) (zM? : Q < x"^ ^y"^ < e^} x ]R/27rZ 
given by 

(j)p{x,v) = (r cos(77r/6'),rsin(77r/6'),/3) (2) 

is a diffcomorphisms. 

For each singular point p consider a circle 7p — {p} x R/27rZ. Extend (j)p to 
a map (that wc still call (f>p) as 

(j)p: UpUjp ^ {{x, y) eR^ ■.0<x^ <e^} X K/27rZ 

where (j)p{p, (3) — ((0, 0), (3) for (p, /3) 6 7p. Now proccde in the same way on the 
other vertices. We obtain a compact three dimensional manifold that wc call 

M^T\S\V) U^,Sing7p. 

It will be called as the phase space of the billiard D. Now we will study the 
bundle structure of M . 

Theorem 1. The phase space M is a circle bundle. Moreover, if D is orientable 
then the bundle structure can be associated to an action of the circle. 

Proof. First notice that T^{S \ V) is diffeomorphic to the product 5 x S^. It 
is because there exist a vector field in S with singular points in V. The bundle 
structure of T^{S \ V) extends to the singular points p in V according to the 
charts (j)p. So tt: M ^ S defined by tt{x,v) = x if x ^ V extends to M as 
7r(7p) = p for p ^ V, and tt is a submersion with circle fibers. 

If D is orientable then the double billiard surface S is orientable too. Then 
given 9 G one defines the action on {x,v), with x ^ V, as 9 ■ {x,v) = 
{x,Re{v)), where Re is the rotation of angle 9 in T^S, according to a fixed 
orientation of S. The action in the coordinates {x, y, /3) is defined by 9-{x, y, (3) = 
(/?)). □ 

Now we will calculate the fundamental group of the phase space M that will 
be denoted as tti{M). Consider a non-singular point p^, G S \V and a vector 
field Y with the following properties: 
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1. the set of singularities of y is V U {p*}, 

2. the index of of Y at each singular point p E V, equals 1, 

3. if we define Z = as a vector field on 5 \ Sing(F) then on each Up, 
p £ V, Z is constant. 

The construction of such vector field is standard. Thus we can extend Z to 
S \ {p*} to a global section of the fiber bundle M\-fp^ ^ S\ {p*}. Assume that 
S is orientable. The fundamental group of Sp^ ~ S \ {p, } is free and consider 
ai,bi, . . . ,ag,bg generators of 7ri(S'p^), where g is the genus of S. 
Define in M the following curves 

a^{t) = (a,;(i),Z(a,(<))), 
k{t) = {h{t),Z{h,{t))). 

Denote by q the base point of the group ■Ki{Sp^) and let X{S) be the Euler 
characteristic of the surface. Consider 7, as the element of 7ri(M) corresponding 
to the fiber at q and let = be the number of singular points (or vertices 
of the polygon D). 

Theorem 2. The fundamental group of M is: 



TTliM) 



[oi, 61] . . . [dg, bg] = 7^'"'^'' ^ and "fq commutes, 
where (...) denotes the free group generated. 

Proof. We will use Van Kampen's Theorem (see [S] Theorem 1.20). For this 
consider a small disc C S around p, and let [/* = r^(f7*) be a neighborhood 
of 7j,, . Let U' = M \ 7p, , where 7^, is the fiber of . We asume that the base 
point of ni{M) is in [/*("][/'. We have that M = U^UU'. Since Z is a global 
section of U' we have that U' is a trivial fiber bundle. Thus U' is homeomorphic 
to the product Sp^ x §^ and we have that 7ri(C/') = ^ai, 61, ... , dg, b^ x li^q. 

Since t/, = £>, x §^ we have that 7ri([/,) = "L^fq. Let c C be a loop around 
in Sp^ and define c{t) = {c{t) , Z {c{t))) the corresponding loop in [/' n [/* C M. 
Then tti(U' n f/*) = Z^q x Zc. On one hand, if we view c in the fundamental 
group of [/* we have the relation c = 7^"'^'' ^''* , where indi'(p») is the index of Y 
at p*. On the other hand, viewing c in U' , we have that [fii, 61] . . . [dg,bg] = c, 
that is because c is homotopic to [ai,bi] . . .[ag,bg] in S\ {p*}. Now recall 
that X{S) = indy(p,) + X^^ey i^i^y (g) = indy(p,) + N because the index of 
the singular points in 1/ is 1 and N is the number of singular points. The 
commutativity of jq follows by the bundle structure. □ 

Let G be a finitely generated group, as is tti{M) and consider the function 
r(n) defined as the number of distinct group elements of word-length (accord- 
ing to a fixed finite generator of G) not greater than ??. We say that G has 
exponential growth if the function r(n) dominates Ae°'" for some a, A G R+. 
See [nmn] for comments of equivalent definitions. 

Corollary 1. Let N be the number of vertices of a simply connected billiard 
table D. Then 7ri(M) = Zjv-2 <ind has not exponential growth. 
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Proof. If D is simply connected, then D is homeomorphic to a disc and S is 
topologically a sphere. Thus X{S) = 2 and g = 0. Then by the previous 
Theorem tti{M) = Zjv_2. So the group is cychc and its growth is hnear. □ 

Example 2. // the billiard table is a triangle then the phase space M is the 
sphere . It follows because the fundamental group of M is trivial and also it 
can be seen directly. 

3 Billiard flow 

In that section we will show that the billiard flow can be reparameterized, 
inmersed in M and extended C°° for billiards with constant curvature. We 
divide the study according to the sign of the curvature, but the procedure seems 
to be generalizable to arbitrary metrics. First we give an expression for the 
geodesic flow near a singular point. Then we show how to extend the flow to 
M and finally we study the singular points obtained. 

3.1 Motion equations 

We will describe the motion equations according to the sign of the curvature of 
the billiard table. 

3.1.1 Flat billiards 

Suppose that S' is flat, let p be a singular point and consider the neigborhood 
Up defined by ([TJ. Now the geodesic fiow of S can be seen as a non-complete 
fiow in Up \ 7p. In the coordinates r,j,f3 (see Figure [1]) it has the following 
equations: 

rt cos (3t - ro cos /3o = t, 
7t " 70 + A - /?o = 0, 
r^ rl+2trocosl3a+t\ 

Where ro,7o,/3o is an arbitrary initial condition. This equations follows by an 
elemental trigonometric analisys on Figure [51 




Figure 2: Geodesic flow near p. 
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Now differentiating in t and putting t = we have: 

r = cos /3, 
7 = i sin/3, 
/3 = -isin/3. 

These are the equations of the velocity field of the geodesic flow in the coordi- 
nates r, 7, /?. Let 

Xp(r, 7, /3) = I cos (3, - sin /3, — sin (3 
\ r r 

be the vector field in Up given by the previous equations in the coordinates 

3.1.2 Negative curvature 

Assume that S" has constant curvature — 1 . In that case we use the Laws of sines 
and cosines of hyperbolic trigonometry, on the triangle of Figure [21 to conclude 
the following equations: 

sin/3t sinht = sin(7t — 70) sinhro, 
sin/3( sinhrj = sin(7r — (3q) sinhro, 
coshrf = coshro cosht — sinhro sinht cos(7r — /3q). 

Derivating in t and evaluating in t — we have: 

f = cos f3, 
7 — -A, — sin B, 

' Sinn r ^ ' 

P = -22S^sin;3. 

" Sinn r " 

So we define the vector field 

/ 1 cosh T 

X//(r,7,/3) = cos^, — — sin/3, — — — sin^ 
\ smh r smh r 

3.1.3 Positive curvature 

Similar considerations, using spherical trigonometry, gives us: 

sin j3t sin t — sin(7t — 70) sin ro, 
sin j3t sin rt — sin(7r — /3o) sin ro, 
cos rt — cos ro cos t + sin ro sin t cos(7r — /3o ) • 

Differentiating in t and evaluating in i = we arrive to: 

r = cos /3, 
1 

sin r 
cos r 



i^sin/3 

Sin r I 



and then we consider 



1 cos T 

Xs{r,'^,l3) = ( cos^, ^ — sin 13,-- — sin/3 
' sm r sm r 
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3.2 Extension of the billiard flow 



We start reparameterizing the billiard flow. Let ph, Pf, Ps ■ S ^ R he non- 
negative functions such that 

{sinhdist(x,p) if * = H, 

dist(x,p) if * = F, 

sindist(x,p) if * = S", 

for each x € Up. Let Y^, = p^,X^, for * = F, H or S . The vector field Y* induces 
a reparametrizcd flow of the one given by X* . 

Now, using local charts, we will show that the flow extends smoothly to AI. 
Consider the diffeomorphism 

ip: (0,e) X M./2eZ x M/27rZ Vp = {{x,y) S : < a:^ + < e^} x M/27rZ, 
given by 

7,/3) = (rcos(77r/6'),rsin(77r/0),/3). 

It is the diffeomorphism given in equation ^ expressed in the (r, 7, /3) coordi- 
nates. Define = dipY^, a vector field in Vp. Let ip{r,j,l3) = {x,y,z). In the 
coordinates (x, y, z) the expression of is as follows: 

(TT TT \ 

/^x COS z — —y sin z, cos z + —x sin z, — sin z ) , (3) 
a a J 

where /* — (1 — k{x'^ + y^))^/^ with k denoting the curvature of the billiard 
table: 

fc = if * = F, 
fc = -l ii* = H, 
k = l if * 5. 

The vector field Z^, extends and is C°° on closV^. It corresponds with an 
extension of the vector field Y to Up C M. 

Now proceede in the same way on the other vertices, extending Y to the 
whole M . The billiard flow (in the usual sense) is inmersed in M in a reparametrizcd 
way. We call billiard flow to the flow generated by Y. By construction it is C°° 
and it is complete because M is compact and without boundary. 

3.3 Singularities of the billiard flow 

By construction, the singular points of the billiard flow are in 7^ for p E V . So 
we consider the coordinates {x, y, z) around p and the expression of the vector 
fleld given by We have that 

Z40,0,z) = (0,0,-sinz). 

So on each ■jp there are two singular points: (0,0,0) and (0,0,7r). Differenti- 
ating one see that both singularities are hyperbolic. The point (0,0,0) has a 
stable manifold of dimension 1 and an unstable manifold of dimension 2. The 
hyperbolic splitting of (0, 0, tt) has reversed dimensions. 

4 Expansive billiard flows 

In that section we study the expansive properties of the billiard flow defined by 
the vector field Y in the previous section. 
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4.1 Preliminaries 

Wc start recalling some basic facts about expansive flows, the itinerary map 
of the billiard collision map and the unfolding technique. With this tools we 
will analyze the relationship of expansiveness, existence of periodic orbits and 
injectivity of the itinerary map for the 3 cases analyzed above: flat, hyperbolic 
and spherical. 

4.1.1 Expansive flows 

Expansiveness of a dynamical system is a stronger version of sensitivity of initial 
conditions and so it is related with chaotic systems. Examples of expansive 
flows are Anosov flows and the non-wandering set of a hiperbolic flow. The 
Lorenz attractor is an expansive flow with a singular point as shown in [S]. 
The expansive flows of compact surfaces are described in [T] , essentially, as the 
suspension of minimal interval exchange maps. In Theorem [3] we show that 
there are singular expansive flows on some three dimensional manifolds. 

Recall that a flow is said to be expansive if for all e > there exist an 
expansive constant 6 > such that if dist(0^(-(-)(a;), (/)t(y)) < 6 for all t S M, 
being /i : M — )■ M an increasing homeomorphism with h(0) = 0, then x and y are 
contained in an orbit segment of diameter less than e. As shown in [T], that 
definition is equivalent with the notion of A; * -expansiveness given in [5]. 

4.1.2 The itinerary map 

The itinerary of a trjectory is simply the sequence of the sides of the polygon 
that it hits. Some technical dificulties are due to the fact that a trajectory may 
hit a vertex. 

Label the sides of the polygon D as 1, 2, . . . , iV. As is usual in the theory of 
billiards, we consider the collision map / associated to the polygon D (see [2]). 
Denote by 71, . . . the geodesic arcs in dD and define Zf^^ y-^ the maximal 
integer interval such that for all n S '^(x,v) if iUiW) = then y is not a 

vertex. Let X be the set of all the functions / : / — > {1, 2, . . . , N} where / C Z 
is an interval. We define the itinerary map I: Tqj^D X 'as 



4.1.3 Unfolding 

The unfolding technique is standard in the study of polygonal billiars and it 
consists in reflecting the polygon instead of the trajectory. In this way the 
motion continues in a smooth way. 

Given a polygon D we consider its double billiard surface S and define 
S* ~ S\V (remove the vertices). The unfolding of the billiard is the universal 
covering S of 5*. The unfolding of a trajectory of a point is the lifting to S of 
the trajectory of x in 5* by the geodesic flow. See Figure |31 



^{l,2,...,iV} 



where 




for all n 6 Z^j, „). 
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D S s 

Figure 3: Trajectories in the billiard D, the double surface S and the unfolding 
surface S. 

4.2 Expansive billiard flows 

Roughly speaking the expansiveness of the billiard flow can be contradicted just 
by two facts: 1) there are two points with the same itinerary and 2) there are 
two points X and y such that a{x) = a{y) = {p} and u!{x) = a;(y) = {q} with 
p and q singular points. So, we will analyze this possibilities according to the 
sign of the curvature of the billiard. 

4.2.1 Negative curvature 

Theorem 3. If D is a polygon on the Poincare disc then the following state- 
ments hold: 

1. the itinerary map is injective, 

2. the billiard flow is expansive and 

3. the billiard flow has a dense set of periodic orbits. 

Proof. (1) To show that the itinerary map is injective we consider the unfolding 
billiard surface S defined above. Suppose that x, y in S correspond to two 
different points {px,Vx) and {py,Vy) withp^jjPy G dD. Then the trajectories of 
X and y are divergent, for t +oo or i — — cxj. Thus the itineraries of the 
points arc different. 

(2) Given e > we will construct an expansive constant 5 <0 for the billiard 
flow. First consider a regular point x G M for the billiard flow. Take a local 
cross section and a flow box ~ 4>(-t^^t^)Rx such that the diameter of 
every orbit segment contained in is smaller than e. 

Around each singular point p of the flow consider an adapted neighborhood, 
as in Figure 21 with the same property: the diameter of every regular orbit 
segment contained in Bx is smaller than e. Let r ~ s ov u such that W'^{p) has 
dimension 2. Define Dp as the connected component of W^' {p)r\Bp that contains 
p. Let and be the local cross sections, contained in the boundary of Sp, 
given in figure 21 Let B^ and B^ the connected components of Bp \ Dp such 
that £)+ C dB^ and Dp C dBp , as in Figure 21 Define 

5p = min{dist(i:'+, Bp ), dist(Dp , 

Since M is compact we can take a finite covering of M of the form 

^ ~ {I^xi I ■ • ■ J , Bp-^ , . • . , ^Pfc }i 
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Figure 4: Adopted neighborhood of a singular point p. 



being cci, . . . , x„ some regular points and Sing — {pi, . . . ,Pk}- 

Consider 5 G (0, niin{(5p : p 6 Sing}) such that if x, y G M and dist(a;, y) < 5 

then there is B E B containing x and y. 

Now we will show that d is an expansive constant for the billiard flow. By 

contradiction assume that x,y € M are not contained in an orbit segment of 

diameter e and there exists a reparametrization h such that dist((/)(a;, (l)h{t)y) < ^ 

for all t e K. 

First suppose that the w-limit set of x and y are singular points. It is easy 
to see that in fact this singular points must be the same point p e Sing. Since 
there are no conjugated points in the Poincarc disc we have that the a-limit 
set of X and y are not singular points. So, eventually changing (j)t by (fi-t, we 
assume that neither u){x) nor uj{y) are singular points. 

Consider n: M ^ S the projection on the double surface S. Now lift tt{x) 
and 7r(j/) to two close points x and y in the unfolding surface S. The trajectory 
of X can intesect the trajectory of y in at most one point since there are no con- 
jugated points. So eventually changing x and y by (jifX and (l)h{t)y respectivelly, 
for some < > 0, we can suppose that the positive trajectories of x and y do not 
intersect in S. 

Consider a small arc j d S connecting x and y. Since the itinerary is 
injective there is a point z G 7 such that uj(z) is a vertex and the positive 
trajectory of z is contained in the region of S bounded by 7 and the positive 
trajectories of x and y. Sec figure O Now we view the points in A/. So there 




Figure 5: Unfolding the trajectories of x, y and z. 

is t such that <f>tx £ (or _B+) and 4>h{t)y £ (resp. B^). Then consider 
s > t such that (j>h{s)y G D:^ and <j>sX G B~ (or (t)h(s)y G and 4)sX G -Dp )■ 
Sec figure [SI 

But it is a contradiction by the way we choose the expansive constant 5. 
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p 



Figure 6: The trajectories in M. 



(3) In [3] it is shown (see page 83) that the cohision map of a geodesic poly- 
gon in the hyperbohc plane has hyperbolic dynamics, that is, has nonvanishing 
Lyapunov exponents. So we can apply the results in [7] (see Theorem 13.2 on 
page 155) to conclude that there is a dense set of periodic points. The details 
of the proof of the cited result are in [6] . □ 

Example 3. Consider a simply connected polygon D. Then by Corollary]^ we 
have that 7ri(A/) has not exponential growth and by the previous Theorem the 
flow is expansive. It shows that the results of [3] do not extend to expansive 
flows with singular points. 

4.2.2 Flat tables 

The following Theorem is similar to the results in [3] and [1]. 
Theorem 4. If k = then the following statements are equivalent: 

1. the itineray map is infective, 

2. the billiard flow is expansive and 

3. the billiard flow has no periodic orbits. 

Proof. (1 — > 2). The proof of item (2) in Theorem [3] holds in this case because 
we are assuming that the itinerary is injective and in the flat case as in the 
hyperbolic case there are no conjugated points. 

(2 — !> 3). In the case of flat billiards it is easy to see that if there is a periodic 
point [x, v) then every initial condition (y, w), with y sufficiently close to x and 
w parallel to f, is also periodic. So the flow can not be expansive. 

(3-^1). This follows by Theorem 2 in [3]. □ 

Problem 1. Does there exists flat polygonal billiards without periodic orbits? 

The previous Theorem states this problem in the context of expansive flows 
with singular points on closed three dimensional manifolds. In particular, if the 
polygon is a triangle it is a problem on the sphere . 
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4.2.3 Spherical billiards 



A generalized diagonal of is a billiard trajectory that connects two vertices. 
Two vertices arc conjugated if there is a generalized diagonal from one of them 
to the other with length equals to kir for some k = 1, 2, 3, . . . 

Theorem 5. // the curvature of the billiard is 1 then the following statements 
hold: 

1. If the billiard flow has peridodic orbits then it is not expansive. 

2. If D has no conjugated vertices and the itinerary map is injective then the 
billiard flow is expansive. 

3. If the billiard flow is expansive then the itinerary map is injective. 

Proof. (1) In spherical billiards, if there is a periodic orbit then arbitrary close 
trajectories contradicts expansiveness for arbitrary small expansive constants. 
It can be seen by the unfolding technique. 

(2) It follows by the arguments of Item (2) in Theorem [31 

(3) Assume by contradiction that there are two different trajectories with the 
same itinerary. Then unfolding the orbits it is easy to see that the points between 
them contradicts expansiveness for arbitrary small expansive constants. □ 

Now we give an example showing that there are triangular billiards on the 
sphere S"^ without periodic orbits. 

Example 4. Let S*^ = {a: G R'^ : ||a;|| = 1} be the two dimensional sphere 
with constant curvature k = 1. Consider the triangle D C with vertices 
Vi = (0,0, 1), V2 = (1,0,0) and V3 — (cos 6', sin 6*, 0) being 9 an irrational angle. 
See figure 



Figure 7: A billiard on the sphere without periodic orbits if 9 is irrational. 

Notice that every billiard trajectory on D hits inifinite times the boundary 
V2V3. So we do not loose generality supposing that the trajectory starts in the 
side V2V3. Consider an initial condition {x,v) with x = (cos a, sin a, 0), the 
direction of v is arbitrary. Now with the help of the unfolding technique (see 
figure it is easy to see that the trajectory is periodic if and only if a = 
/cTT + a + 2n9 for some k,n G Z. But this is impossible if 9 is irrational. 
Therefore D has no periodic orbits. 
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Figure 8: The unfolding of a triangle on the sphere. 



Also, the billiard flow of D is not expansive. Again, by the unfolding, it 
is easy to see that two trajectories starting {x,v) and {x,v') with x G ViV^ 
are close for all t £ M. if v and v' are close ( the trajectories will have the same 
itinerary). This example also .shows that the result of [3] do not hold for spherical 
billiards: this example has different orbits with the same itinerary hut they are 
not periodic. 

Remark 1. The previous example has conjugated vertices, but the flow is not 
expan.sive and the itinerary map is not injective. It is obvious that the existence 
of conjugated vertices prevents the flow of being expansive. 

Problem 2. Does there exists polygonal billiards on the sphere with expansive 
billiard flow? 
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